An investigation is carried out into the ranges of Damköhler number and Lewis number, less than unity, in which different forms of combustion phenomena arise within a non-premixed counterflow; cases that are symmetrical across the counterflow are chosen for study. These link oscillatory and steady propagation of flame edges, zero propagation speeds, isolated flame tubes, quenching and marginal stability of planar diffusion flames. Over a range of Lewis numbers, the transition between steady and oscillatory propagation of a flame edge has characteristics that are consistent with a subcritical Hopf bifurcation. Isolated flame tubes are found to persist up to a Lewis number that is very close to unity.
. Schematic illustration of a counterflow burner producing two streams of gas, one from above and the other from below, with a nearly uniform strain rate around a stagnation line (the x-axis). Plates placed at each end of the burner can help to generate an almost two-dimensional laminar flow field. A diffusion flame arises if one incoming stream contains fuel with no oxidant and the other, oxidant with no fuel. The edge of such a diffusion flame typically takes the form of a triple flame, as illustrated on the right. The outgoing flow (in the ±z-direction) makes the structure uniform in the z-direction so that the flame edge becomes, effectively, two dimensional in any cross section.
Damköhler number for quenching of a planar diffusion flame δ q (Le). This happens when the Lewis number is low enough (Le < Le 0 ) for the edge of the diffusion flame (a triple flame [1, 3] ) to have a positive speed of propagation at the quenching Damköhler number [2, 4] . Solutions of this type, propagating in an oscillatory way, are illustrated at different times in figure 2 .
Instead of a planar diffusion flame, which cannot exist below the quenching Damköhler number, the flame edge leaves a trail of periodic 'tubes' of burning in its wake [5] . Each of these flame tubes consists of a pair of flame edges, or triple flames, linked by a diffusion flame. Far behind the leading tube, the flame tubes remain stationary, in equilibrium with other flame tubes in their vicinity. A characteristic feature of the oscillatory mode of propagation is that the leading flame tube repeatedly elongates and splits, as seen in figure 2, thereby creating new flame tubes as its leading edge advances. The speed of propagation of the leading edge becomes periodic in time, reaching its maximum value shortly after each splitting of the flame tube behind it [2] .
Some related phenomena have been observed for premixed burning [5] [6] [7] and one would expect that similar results should arise over at least some range of Lewis number and stoichiometry conditions of non-premixed burning that do not lead to symmetrical solutions; a recent study [8] has shown this to be the case under conditions which broadly represent diluted hydrogen-air diffusion flames, modelled using one-step chemistry. The dilution of the hydrogen stream appears to be important for achieving conditions in which one low Lewis number has an effect that is similar to the two low Lewis numbers examined in [2] . The dilution also tends to draw the surface of stoichiometry from a position well into the oxidant side of the mixing layer to a more central position, leading to a more symmetrical form of flame structure (details can be found in [8] ). Relevant background information and suitable references are all available in the papers [1] [2] [3] [4] [5] [6] [7] [8] , in particular [2] , and will not be repeated here.
At a second critical Damköhler number δ 0 (Le) < δ q , for Le < Le 0 , the minimum propagation speed in the oscillatory movement of the leading flame edge becomes zero. The flame edge then gives way to an isolated stationary flame tube, also illustrated in figure 2. As described in [2] , the limit, as this critical Damköhler number is approached, is non-uniform, mainly because the distance between successive tubes, left behind by the leading flame edge, tends to infinity as δ → δ + 0 . It turns out that the boundary δ = δ 0 (Le), for Le < Le 0 , is a direct Figure 2 . Illustrations, taken from [2] , of a steadily propagating edge of a diffusion flame (top), an isolated stationary flame tube (bottom) and the oscillatory propagation of a flame edge (middle figures). In each case, contours of the reaction rate δβ 3 F XT β of equation (4) are plotted, ordered in geometric progression from 2 −4 and increasing by a factor of 2 from one contour to the next. The points marked with a cross are the leftmost points at which the dimensionless temperature T has the value 1 2 . In the top figure it moves to the left at a constant speed S; in the middle figures it moves left with a time-periodic speed S(t) and in the bottom figure it does not move at all. continuation of the corresponding boundary δ = δ 0 (Le), for Le > Le 0 , at which an edge of a planar diffusion flame is found to have a propagation speed of exactly zero. The Lewis number Le 0 , below which the edge of a planar diffusion flame propagates positively at the quenching Damköhler number, can be defined such that δ q (Le 0 ) = δ 0 (Le 0 ).
In this paper we report on numerical calculations that address two principal questions which remained open in the paper [2] . The first of these concerns the nature of the onset of oscillatory behaviour as the Damköhler number is decreased towards the quenching Damköhler number δ q , for Le < Le 0 . In [2] the calculations did not examine any possible hysteresis near this point. In fact, we can now report that, within an interval of Lewis numbers, there is a narrow range of Damköhler numbers, above δ q , in which both oscillatory edge propagation and steady edge propagation can arise. As the Damköhler number is increased or decreased, the exchange of stability between the mode of oscillatory edge propagation and steady propagation has characteristics that are consistent with a subcritical Hopf bifurcation.
In this interval of Lewis numbers, we find that, for δ > δ 0 , the Damköhler number δ t (Le), which is the upper limit of Damköhler numbers for which stable oscillatory edge propagation can arise, lies just above another Damköhler number δ s (Le), at which a planar diffusion flame is marginally unstable to two-dimensional disturbances. In reducing δ from above δ t , steady propagation of a flame edge gives way to the oscillatory mode of edge propagation below δ s , partly engendered by the fact that the diffusion flame behind the advancing flame edge then becomes unstable to disturbances of a particular wavelength. If δ is again increased, the oscillatory mode of propagation gives way to steady propagation above δ t . Both steady and oscillatory modes of propagation are stable in the narrow range δ s < δ < δ t .
A related study involving one choice of fixed unequal Lewis numbers, with dilution of the light species [8] , also reports that the bifurcation between steady and oscillatory propagation is subcritical. The authors find, as we do, that the wavelength of marginal stability does not correspond to the wavelength of periodic flame tubes laid down by an advancing marginally oscillatory flame edge. This discrepancy can be related to the subcritical nature of both the bifurcation between steady and oscillatory propagation and the bifurcation of a planar diffusion flame itself into periodic flame tubes, at different wavenumbers for δ δ s .
The existence and the nature of this bifurcation depend on the Lewis number and, in this paper, we examine the effect of changing the Lewis number within the range 1 4 Le 1. We find that the bifurcation remains subcritical provided the Lewis number is small enough for oscillatory propagation to be possible and provided it remains above a value, close to Le = 1 4 , at which δ s and δ t are found to merge. At lower Lewis numbers there should be no further hysteresis between oscillatory and steady propagation.
The second open question, which we are now able to clarify, concerns the range of parameters in which isolated flame tubes are able to exist. As already mentioned, isolated flame tubes are found to appear, at low enough Lewis numbers, Le < Le 0 , via a non-uniform limit at a Damköhler number δ 0 where the minimum speed of propagation of an oscillatory edge becomes zero. This Damköhler number is below the quenching value δ q of a planar diffusion flame, for Le < Le 0 . An isolated flame tube then survives down to a yet lower Damköhler number δ e (Le), below which the tube fails to survive and no combustion at all seems possible. However, it was reported in [6] that, for Le > Le 0 , an isolated premixed form of flame tube could also be found in a region of parameter space that has a higher Damköhler number than the quenching value δ q . A similar observation was reported to have been found in [2] although details were not provided.
We have now been able to identify, much more closely, the entire region of parameter space in which isolated flame tubes can exist. This confirms that isolated tubes can indeed exist within a limited range of parameter space above the quenching Damköhler number δ q , provided Lewis numbers are high enough for edges of planar diffusion flames to have a negative speed of propagation. This range, a subset of the part of parameter space in which δ q < δ < δ 0 , for Le > Le 0 , is a natural continuation of the range δ e < δ < δ 0 , for Le < Le 0 . It becomes narrower as the Lewis number is increased towards unity and is seen to disappear at a point where the Lewis number is below unity by only a relatively small amount.
Since oscillatory flame edges do not seem to have a negatively propagating counterpart, as do steadily propagating flame edges, the path in parameter space, δ = δ t , marking the highest Damköhler number for oscillatory propagation, can only be identified for δ > δ 0 . However, although this is probably entirely coincidental, it is interesting to note that, at least for the model and parameter values used in this study, an extrapolation of the path δ = δ t into the range δ < δ 0 does appear to meet the path of quenching of a planar diffusion flame at, or very close to, the point in parameter space where both planar diffusion flames and isolated flame tubes are quenched, namely where δ e = δ q .
Model and numerics
For a flow field that is non-dimensionalized to have zero velocity in the x-direction, an incoming flow of −y in the y-direction and an outgoing flow of +z in the z-direction, the reactive-diffusive conservation equations for reactants and heat can be written as
in which F , X and T represent appropriately scaled fuel and oxidant concentrations and temperature, varying as functions of time t and the coordinates x, y and z. Lewis numbers of fuel and oxidant are Le F and Le X .
It is assumed that a one-step chemical reaction F + X → 2P takes place between fuel and oxidant with a rate-constant that is proportional to T β . When it is large, β approximates the Zeldovich number of an Arrhenius reaction rate, as described in [2] . However, adopting the rate constant T β conveniently eliminates any cold-boundary difficulty. Non-dimensionalization is such that the Damköhler number δ is inversely proportional to the dimensional strain rate.
The flow field involves a uniform strain rate that converges from the ±y-directions and diverges in the ±z-directions, as illustrated in figure 1. Because the outgoing flow advects reactants and heat in the ±z-directions, solutions will always tend to align themselves so that F , X and T are uniform in z. As a result it is reasonable to assume that derivatives with respect to z can be neglected from the start. Thus, although the problem is fully three dimensional, the coordinate z and derivatives with respect to z do not appear explicitly in the model which, therefore, reduces to a time-dependent, two-dimensional problem in (t, x, y).
As is normal in problems involving flame edges, we envisage that a transition of some sort exists between non-burning and burning. If non-burning occupies the entire region to the left of some position x = ξ(t) with some kind of burning arising on the right, then the region x < ξ will be dominated by low-temperature behaviour with T ≈ 0. The region x > ξ will involve high temperatures, having T = O(1), so that chemical reaction plays a significant role in at least a part of the flow field. Moreover, as is typical of flame edges, the position ξ(t) moves, representing positive propagation of the flame edge into non-burning gases if ξ (t) < 0 and negative propagation if ξ (t) > 0.
It is convenient to adopt a coordinate frame that moves with the flame edge and, to achieve this, it is useful firstly to adopt some form of precise definition for the position ξ(t). One such definition, amongst many possibilities, is to select x = ξ(t) to be the first position on the x-axis at which temperature becomes 1 2 . That is, we can set T (t, ξ, 0) = for all x < ξ(t). If we now transform the x-coordinate such that
then ∂ t in the old coordinate system becomes ∂ t + S∂ x in the new coordinate system, where S(t) represents the propagation speed of the position x = ξ(t) in the negative x-direction. That is
In effect, the value of S can be thought of as an imposed advection velocity, blowing uniformly in the positive x-direction with a magnitude that is adjusted so as to hold the temperature fixed at exactly T = 1 2 at the position x = y = 0.
Dropping the primes and assuming that all derivatives with respect to z are zero, the model can then be written in the same form as that used in [2] , namely
In situations where F , X and T depend only on y, the equation R ≡ 0 models a planar diffusion flame. Thus R can be thought of as a planar diffusion-flame operator [1] .
In the first of equations (4), R is similar to a reactive source term, so that steady solutions (∂ t ≡ 0) represent flame structures that propagate at the dimensionless speed S, relative to the medium, in the negative x-direction. These structures are flame edges, or propagating boundaries between two planar diffusion flame solutions, each satisfying R ≡ 0, far ahead and far behind the edge [1] . Unsteady solutions are found in [2] to arise at low enough Lewis numbers and low enough Damköhler numbers. As in [2] , we restrict attention to the case in which both Lewis numbers, Le F and Le X are equal, taking Le F = Le X = Le. The quantity β is set equal to 10 in the calculations carried out.
By construction, the temperature at the fixed position x = y = 0 in the new coordinate system remains fixed at T = . Thus T t must always be zero at this point, so that a convenient formula for S(t) is arrived at simply by setting T t = 0 in equation (4) at the point x = y = 0. This gives
With the origin x = y = 0 chosen, initially by shifting in x if necessary, to be the leftmost point where
, the value of S(t) can then be thought of as representing the instantaneous speed of displacement, or propagation speed, of the temperature value T = 1 2 along the negative x-axis. In steady cases (∂ t ≡ 0) it represents the actual propagation speed of a flame edge. It also serves to provide a suitable definition of an instantaneous propagation speed in unsteady cases.
It must be recognized that the appearance of S as an advective velocity in equations (4) represents nothing other than a change of reference frame to follow the movement of a flame edge. It alters the underlying dynamics of the solutions, in any reference frame, in no way at all. Numerically, there are clear advantages in using a reference frame that follows the flame edge. In particular, time-dependent solutions can be continued indefinitely because the flame edge never approaches the boundaries of the computational domain. The 'propagation speed' S is also readily available at any time, calculated using formula (5) .
As boundary conditions, we adopt the following limits as y → ±∞:
thus focusing on a problem that involves symmetry about y = 0, since Le F = Le X . As x → ±∞, we apply the boundary conditions
The condition imposed as x → −∞ is an exact solution satisfying R ≡ 0 and conditions (6) . It involves no chemical reaction, exists for all values of δ and represents the result of completely quenching a diffusion flame. Provided δ is large enough, there is also a planar burning solution satisfying R ≡ 0 and conditions (6) . This diffusion flame ceases to exist for δ < δ q , where δ q (Le) represents the value of the Damköhler number below which a planar diffusion flame quenches, or at least ceases to exist as a planar structure [2] . The condition in (7) as x → ∞ demands only that solutions should be bounded. This allows for many possibilities. For δ δ q the condition can take the form of a planar diffusion flame. Steady solutions of (4)- (7) then represent a triple flame, or the edge of a planar diffusion flame [2, 3] . There are, however, other possibilities. One of these may be the same quenched condition as is imposed as x → −∞. Another may be a spatially periodic structure for large enough positive values of x. Such a structure has no limit as x → ∞ but it is certainly bounded. Details are given in [2] as to how different forms of solution can be identified and approximated numerically.
The results we present in this paper were calculated using the same numerical methods as used in [2] , based on bilinear quadrilateral finite elements, to extend our study of the problem. The same mesh is also used, employing both a time-dependent Euler code and a steady-state code based on Newton iteration for calculating both stable and unstable steady solutions. For details of the numerical approach and a description of how different forms of solution are identified, the reader is referred to [2] where a wide range of dynamical and steady behaviour is discussed in detail.
Oscillatory and steady propagation of a flame edge
As already described, the problem can be posed, for δ δ q , to describe a steadily propagating edge of a planar diffusion flame, having ∂ t ≡ 0. Solutions of this nature are described in [2] , as are oscillatory, time-dependent, solutions (having ∂ t ≡ 0) that arise for δ < δ q .
A question not addressed in [2] is the persistence of any oscillatory solution into values of δ greater than δ q . Using exactly the same techniques, but employing relatively small changes in parameter values from one solution to the next, we examine both the continuation of steadily propagating flame edges as δ is reduced towards δ q from above and the continuation of oscillatory solutions as δ is increased through δ q from below. Some results are shown in figure 3 where both steady values of S and the maximum and minimum values, S max and S min , of S, for oscillatory solutions, are shown as functions of δ for various Lewis numbers.
The solutions demonstrate that oscillatory behaviour does not stop at δ = δ q , but that it continues above δ q , giving way to steadily propagating behaviour at a Damköhler number δ t > δ q . In the range δ q < δ < δ t , steadily propagating and oscillatory solutions are both possible. The oscillatory solutions are stable throughout the range while the steadily propagating solutions are stable in a narrower range of Damköhler numbers below δ t , which we denote by δ s < δ < δ t . Above δ t , only the steadily propagating solution is stable. This form of transition between the two forms of behaviour is typical of a subcritical Hopf bifurcation.
In the diagrams on the right of figure 3 the propagation speeds of both types of solution are all very close where both forms of solution are stable, especially at lower Lewis numbers. This is simply a feature of the propagation speeds close to the points where stability is exchanged; the transition between oscillatory and steadily propagating solutions is by no means continuous. One property, amongst many others, that is distinctly different, is the frequency of oscillation which can be taken to be precisely zero for the steadily propagating solutions. Figure 4 shows how the frequency of oscillation varies with Damköhler number δ in the case for which Le = 1 2 , demonstrating very different forms of behaviour for the two types of Figure 3 . Edge propagation speeds for six Lewis numbers. The left figures have S 0 as δ → δ q and do not involve any oscillatory propagation. The right figures involve steady propagation speeds for δ > δ q (dotted lines) and oscillatory propagation speeds in the range δ 0 < δ < δ t . The maxima and minima of S, namely S max and S min , are shown as solid curves in this range. In the range δ q < δ < δ t , both steady and oscillatory propagation are possible, both being stable for δ s < δ < δ t ; a planar diffusion flame is unstable to two-dimensional disturbances for δ < δ s . In all cases, either steady or minimum propagation speeds approach zero as δ → δ 0 .
solution. Close to δ t detailed properties of the oscillatory solutions are difficult to calculate accurately. This is because of the presence of excessively slow transients associated with a zero eigenvalue at the point of marginal stability. Values of frequency are not, therefore, plotted all of the way up to δ = δ t in figure 4 .
Between the two points of marginal stability, at δ s and δ t , there may be another unstable oscillatory branch of solution, but this would be difficult to calculate, beside being physically meaningless. We are not therefore able to report on the precise nature of the bifurcation at δ = δ t . Two possible forms for the overall transition are illustrated, schematically, in figure 5 , differing only by the way in which the oscillatory solution loses stability. There could be a fold bifurcation at this point, as would be typical for a subcritical Hopf bifurcation at δ = δ s , or there may be another subcritical bifurcation at which the oscillatory solution continues, but is unstable, for δ > δ t . The latter would be very difficult to compute numerically; as an initialvalue problem, solutions at this stage all seem to converge on the stable steadily propagating solution. However, the actual value of δ t at which oscillatory propagation loses stability can be estimated fairly accurately, by extrapolating to zero the rates of transient approach to periodic behaviour, that can be extracted from the numerical calculations at different values of δ < δ t .
As far as has been ascertained, the overall behaviour of the bifurcation is, at least, consistent with a subcritical Hopf bifurcation-on reducing δ, steady propagation of a flame edge is stable in a range of Damköhler numbers below the upper limit for stable oscillatory propagation. Oscillatory and steady modes of propagation of the flame edge are both stable for Damköhler numbers between δ s and δ t , provided δ s < δ t . The precise way in which oscillatory propagation loses stability at δ = δ t is almost certainly unimportant practically.
In principle, unstable steady propagation of a flame edge is possible down to the quenching Damköhler number δ q and even around the turning point where planar diffusion flames become unstable to one-dimensional disturbances [1] . Below δ q , only the oscillatory solutions can be found, as must be expected since planar diffusion flames cannot exist in this range. As was shown in [2] , these solutions persist until S min approaches zero at a Damköhler number, δ 0 < δ q . The diagrams on the right of figure 3 demonstrate this clearly. At higher Lewis numbers, the diagrams on the left of figure 3 show how the edge of a planar diffusion flame can have a steady propagation speed of exactly zero at a Damköhler number δ 0 > δ q .
This Damköhler number is a natural continuation of the Damköhler number at which S min → 0 for lower values of the Lewis number. The main difference between the two cases is that δ 0 > δ q at Lewis numbers for which the edge of a planar diffusion flame stops moving, while δ 0 < δ q at Lewis numbers for which oscillatory propagation comes to a standstill. Thus, there is a natural point of division between these two types of behaviour at a Lewis number Le 0 which can be defined such that δ 0 (Le 0 ) = δ q (Le 0 ).
Isolated flame tubes
For Le < Le 0 , isolated flame tubes were found in [2] to arise as the natural consequence of reducing values of δ below δ 0 , where S min becomes zero. Effectively, isolated flame tubes involve the same cold limiting form of boundary condition as x → ∞ as is applied as x → −∞. The lowest Damköhler number for the existence of isolated flame tubes at a given Lewis number, below Le 0 , can be calculated with precision [2] . We denote this limit by δ e , so that isolated flame tubes can be observed only within the range δ e δ δ 0 . Once found, solutions representing isolated flame tubes can also be continued over a wide range of values of Le and δ.
As well as being calculated by determining where S → 0 or S min → 0, the boundary δ = δ 0 (Le) can, in fact, also be determined, for most values of Le < 1, by the highest value of δ at which steady isolated flame tubes can be calculated, providing exactly the same numerical value as the extrapolation of S min or S to zero when decreasing δ. If δ is increased above δ 0 , the edges of a steady isolated flame tube are found to begin to propagate. At low enough Lewis numbers, Le < Le 0 , these edges ultimately propagate in an oscillatory manner, as described in [2] ; in other words, there is no hysteresis found in the nature of the solutions when crossing the boundary δ = δ 0 for Le < Le 0 . What was not evident in [2] is that the analogous observation is true for Le > Le 0 . In this range, we find that, on increasing δ above δ 0 , an isolated flame tube leads to a pair of steadily propagating flame edges that eventually leave a planar diffusion flame in their wake. Again there is no hysteresis.
Moreover, in [2] , the boundary δ = δ e (Le) was only calculated for δ e < δ q , although it was observed that, if extrapolated, it would cross the quenching boundary δ = δ q (Le) at a value of Le that is noticeably greater than Le 0 . We find that the boundary δ = δ e (Le) does indeed continue across the quenching boundary δ = δ q (Le).
Parameter space
The ranges in which different forms of solution arise can be plotted conveniently, in the space of δ and Le, using the boundaries δ = δ q , δ = δ t , δ = δ 0 and δ = δ e . These are shown in figure 6 where the numerical accuracy of the location of the boundaries is contained within the thickness of the lines used to draw them. It can be seen that the boundaries are all approximately straight lines (in fact very slightly curved) when ln δ is plotted against ln Le. It can also be noted that the curve δ = δ 0 crosses the quenching boundary δ = δ q smoothly and continuously, verifying that the different definitions of δ 0 amount to the same thing. For the model used, with the value β = 10 used in the calculations, the Lewis number at which δ 0 = δ q is given by Le 0 ≈ 0.536.
Isolated flame tubes
The domain δ e < δ < δ 0 , within which isolated flame tubes can exist, is seen to penetrate into the domain δ > δ q , in a wedge that collapses to a point at which δ e = δ 0 , where the Lewis number is Le e ≈ 0.946. This confirms that isolated flame tubes need not only be created as oscillatory flame edges slow down to zero speed. To the right of the point where δ e = δ q , where the Lewis number is Le s ≈ 0.681, isolated flame tubes exist where individual edges of planar diffusion flames would have a negative propagation speed.
At Lewis numbers below unity, the greater diffusivity of reactants than heat raises the temperature of a flame edge more than the temperature of the diffusion flame, an effect that is ultimately responsible for the positive edge propagation found for δ > δ 0 . Since an isolated flame tube has a pair of flame edges, linked by a diffusion flame, the effect of Lewis number at one flame edge is enhanced by diffusion of reactants from around the other flame edge, especially if the flame edges are close together, raising the temperature even further.
This produces an effect that can stabilize a flame tube: if the edges are far apart, and propagate negatively for δ < δ 0 , they move closer together so that Lewis number effects can increase their temperature, thus raising their propagation speed, until an equilibrium is reached if the Lewis number is low enough. The effect, of course, ceases as the Lewis number increases towards unity, although it can be seen in figure 6 that the Lewis number Le e , above which isolated flame tubes can no longer exist at all, is remarkably close to unity. figure 6 showing how the curve δ = δ t (marking the upper limit of Damköhler numbers for which stable oscillatory propagation of flame edges is possible) can be extrapolated to a point at which (or close to which) both planar diffusion flames are quenched, δ = δ q , and isolated flame edges are quenched, δ = δ e .
Oscillatory and steady propagation
It can be seen in figure 6 that the curve δ = δ t , at which oscillatory propagation gives way to steady propagation, is very close to the boundary δ = δ q where a planar diffusion flame quenches. It can be noted, however, that the two curves do not intersect at the same point where the boundaries δ = δ q and δ = δ 0 intersect, namely where Le = Le 0 . Instead, the curve δ = δ t intersects δ = δ 0 slightly to the right of this point, as can be seen more clearly in the higher resolution plot of this region shown in figure 7 . Coincidentally, a linear extrapolation of the curve δ = δ t , for δ > δ 0 , into the region where δ < δ 0 , seems to intersect δ = δ q at, or very close to, the point where Le = Le s , or δ e = δ q .
Linear stability of the diffusion flame
It can be noted that δ s must also represent the Damköhler number at which a planar diffusion flame loses stability to disturbances that are periodic in x. On reducing δ, steady flame-edge propagation cannot continue below this Damköhler number; as soon as the diffusion flame behind the edge begins to break up into periodic structures, these structures must influence the propagation of the flame edge as it moves away from them, preventing it from remaining steady. In fact, the properties of the trailing diffusion flame are an integral part of the overall flame-edge structure.
In order to gain a fuller understanding of this bifurcation in the propagation of a flame edge, it is useful, therefore, to examine the simpler linear stability of a planar diffusion flame. If F 0 (y), X 0 (y) and T 0 (y) are solutions of (4), or more particularly R ≡ 0, with boundary conditions (6), describing a steady diffusion flame, then linear perturbations of the form
satisfy
with the boundary conditions
The speed S is taken to be zero since it has no meaning in the present context of a diffusion flame structure that does not vary with x. Using the EIG procedure in MATLAB, this problem was solved for the growth-rate eigenvalues λ(k) on the same numerical grid for y as was used in the steady and unsteady calculations of flame edges [2] . For large enough values of the Damköhler number δ all eigenvalues have negative real part at all wavenumbers k. However, as predicted by Kim [9] and Cheatham and Matalon [10] , for low enough Lewis numbers, the maximum value of the real part of λ is found to first change sign, at some wavenumber k s , as the Damköhler number decreases through δ s . As seen in figure 8 , the value of k s decreases as Le is increased.
The values of δ s and δ t are compared in figure 9 . More particularly, in keeping with the description of parameter space given in figure 6 , the differences between their logarithms and the logarithm of δ q are shown as functions of Le. This provides a more open picture of the narrow and elongated region of parameter space between δ = δ q and δ = δ t in figure 6 . At the point where the flame edge is no longer able to propagate positively, namely where δ t = δ 0 , the value of δ s is below δ t ; values of δ t cannot be calculated for higher Lewis numbers than this. As the Lewis number is reduced, both δ s and δ t move further away from δ q , but in doing so they also finally approach each other in value, at Lewis numbers close to about 1 4 . At this stage, and for lower Lewis numbers, the oscillatory and steady modes of propagation can no longer coexist.
As a final point of comparison, we can examine the wavenumber of tubes left behind by the oscillatory propagation of a flame edge, as δ is increased towards δ t . The curves shown in figure 10 , at the three Lewis numbers Le = 0.3, 0.4 and 0.5, make it clear that these wavenumbers do not tend towards the marginally unstable wavenumber k s of a planar diffusion flame, as δ → δ s . A similar observation was made in [8] .
The fact that oscillatory flame edges produce periodic flame tubes with a wavenumber that is markedly different from the marginally unstable wavenumber of a planar diffusion flame, reflects the fact that there must also be a subcritical bifurcation of planar diffusion flames themselves into periodic flame tubes at these different wavenumbers-if not, then only one wavenumber of flame tube would be possible at δ = δ s .
This bifurcation is yet to be mapped out numerically. It is evident, however, at least from the range of parameter space in which isolated flame tubes are found to exist (isolated flame tubes have, effectively, a wavenumber of zero), that the bifurcation must be subcritical at small enough wavenumbers in the range Le 0 < Le < Le s . It is likely, therefore, to be subcritical at other wavenumbers. Indeed, the fact that oscillatory propagation lays down periodic flame tubes at all, in a narrow range of Damköhler numbers above δ s , confirms that the bifurcation of the planar diffusion flame into flame tubes must be subcritical.
Conclusions
We are thus able to complete an examination of the parameter space of Lewis number and Damköhler number, marking each of the boundaries:
• δ = δ q where planar diffusion flames cease to exist.
• δ = δ 0 where the propagation speed S of a steadily propagating flame edge becomes zero, or where the minimum propagation speed S min of an oscillatory flame edge becomes zero; this boundary also marks the highest Damköhler number at which an isolated flame tube can exist. • δ = δ e which traces out the lowest Damköhler number at which an isolated flame tube can exist for any given Lewis number. • δ = δ t > δ q (for δ > δ 0 ) identifying the largest Damköhler number at which oscillatory propagation of a flame edge is stable. • δ = δ s > δ q where planar diffusion flames are marginally unstable to two-dimensional disturbances; for δ > δ 0 , this Damköhler number stays less than δ t until the Lewis number decreases to a point where δ s → δ t . It is also the Damköhler number at which steady positive propagation of a flame edge loses stability.
Key points of intersection between these boundaries are where: δ q = δ 0 , at the Lewis number Le = Le 0 ; δ q = δ e , at Le = Le s ; and δ 0 = δ e , at Le = Le e . It can be seen that Le 0 < Le s < Le e < 1.
Over most of the range of Lewis numbers studied in this paper, the transition between steady propagation and oscillatory propagation of a flame edge has a form that is consistent with a subcritical Hopf bifurcation, involving a relatively narrow range of Damköhler numbers in which both forms of propagation are stable. This range shrinks towards zero at very low Lewis numbers.
The range δ e < δ < δ 0 , in which isolated flame tubes are able to exist, includes regions where δ < δ q and δ > δ q , coming to an end at the point where δ 0 = δ e . The Lewis number Le e at this intersection, the highest Lewis number at which an isolated flame tube can exist, is only slightly less than unity, by an amount that is roughly equal to (2β) −1 , at least for the value of β = 10 used in the calculations.
This division of parameter space thus provides a sensible linkage between several types of phenomena: steady and oscillatory propagation, isolated flame tubes, zero propagation speeds, quenching and marginal stability of planar diffusion flames. Of course, the actual boundaries that separate different types of phenomena must depend on the details of the model. They would change for different choices of β, for differing Lewis numbers of fuel and oxidant and for unequal concentrations of fuel and oxidant in their respective incoming streams [8] . The inclusion of non-adiabatic conditions in the model introduces a new phenomenon at low Lewis numbers: the diffusion flame can actually be quenched while the flame edge continues to propagate [11, 12] . The overall qualitative nature of the division of parameter space presented in this paper is, however, likely to be preserved at least over a range of conditions that is not too distant from those studied here.
